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Abstract. Experimental and computational methods of studying the stress state in the plastic region are
characterized by various methods and accuracy of measurements, methods of mathematical processing of experimental
information, and interpretation of results. The experimentally determined kinematics as a starting point is the most
widely used method to study the stress-strain state in the plastic region. When studying the process of plastic
deformation of porous blanks, the model of a rigid-plastic isotropic-strengthening porous body with a loading surface
that has the shape of an ellipsoid with semi-axes. It depends on the amount of porosity and the ratio of the associated
flow law as a mechanical model of the material. In the axisymmetric extrusion of porous blanks, the viscoplasticity
method was used to determine the field of flow velocities based on the results of experimental studies. R-functions
were applied to approximate experimentally obtained values. The problem of finding approximations was formulated
in a variational statement. Cubic splines of one argument were used to interpolate functions. As a result, an approach
was proposed, which consists of a particular sequence of calculating the derivatives of the coordinates of the nodes in
time in combination with the R-functions approach. All the calculations were performed in Euler variables, eliminating
the need to switch from Lagrangian variables and simplifying the solution. Additionally, this method allowed for
working with an irregular and non-rectangular grid in areas with any shape of boundaries. This approach is more
effective from the point of view of the approximation’s accuracy and the speed of calculations. Finally, the equation
for calculating the porosity in the volume of the deformable workpiece based on the information about the distortion
of the dividing grid elements was obtained. For stationary axisymmetric processes, a technique was developed that
allowed for replacing the calculation of the accumulated deformation of the base material along the deformation
trajectory by integration over the region. A technique was developed for determining the stress-strain state at unstable
and stable stages of axisymmetric plastic deformation of porous blanks. The calculation results were compared based
on the proposed experimental and calculation techniques and the finite element method.

Keywords: porous body, spline interpolation, non-stationary state, axisymmetric deformation, visioplasticity method,
Euler coordinates, Lagrangian coordinates.

1 Introduction

Methods of obtaining information about deformation
processes experimentally known to our time are limited to
determining displacements, deformations, sometimes flow
velocities, and specific stress functions. None of the
known experimental methods allow directly determining
stress at arbitrary points of a deformable body. An

essential step in determining the stress state is obtaining
reliable information about the kinematics of the process. If
the kinematics (displacement, flow velocity) is known,
then it is possible to determine the components of the
tensors of strains and velocities, their degree of
deformation, and the stress intensity from the flow curve
or hardness measurement method. Next, the stress deviator
components can be calculated using the deformation
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theory of plasticity or flow theory, and then, integrating the
equilibrium equation, the hydrostatic stress [1].

To assess the deformability of porous materials in
pressure treatment processes, it is necessary to have
information about the dependence of plasticity on various
factors. This approach is widely used in phenomenological
theories of failure of compact materials.

The basis of ideas about the exhaustion of metal
plasticity is the physical model of the accumulation of
damage in plastic deformation. Plastic deformation is
known to be accompanied by loosening of metal, and the
amount of loosening is generally proportional to the degree
of deformation. From this point of view, the destruction
process becomes a kinetic process of development,
accumulation, and connection of micropores and
microcracks. Simultaneously, as plastic loosens, the
“healing” of defects is facilitated by an increase in
temperature and hydrostatic pressure. The predominance
of nucleation of defects over their “healing” at a particular
stage of plastic deformation contributes to the initiation of
microcracks, which cause destruction [2, 3].

During plastic deformation of porous bodies, damage
accumulation is more complicated. In this case, plastic
loosening co-occurs with the material compaction process.
The determining destruction factor is not “looseness” or
porosity in general but the development and accumulation
of micropores and microcracks, mainly along those planes
corresponding to the most significant linear shift or the
most considerable linear deformation in the base material.
In addition, the pores in the material are sinks for
dislocations, which slows down the rate of damage
accumulation. In macroscopic experiments, it is
impossible to separate the processes of compaction and
loosening of the material.

However, currently, enough experimental data have
been accumulated, and it follows that the intensity of each
process depends on many factors.

2 Literature Review

The coordinate grid method is most effectively used to
study the deformed state on the surface and inner regions
of the workpieces. It has been established experimentally
that, for example, during pressing and drawing of
cylindrical blanks, the meridional cross-sections of which
have a grid applied, the distribution of deformations and
stresses in them is the same as in wholes [4, 5], since the
normal stresses between the layers in the meridional cross-
section are compressive, and there are no tangents.

The macrostructure detection and microstructure
methods can also be considered methods of obtaining
natural grids [6, 7]. When the system of geometric marks
on the deforming surface becomes dense enough, the
moiré method can be considered when developing the
method of coordinate grids. Instead of grids, systems of
dots applied, for example, by the kerning method, are also
sometimes used.

Ratios for calculating deformations on curved grids
were first obtained [8] for cases when the initial square
grid, drawn on the main plane, turns into a parallelogram

after deformation. More general formulas are obtained
when the initial cell has the shape of a parallelogram,
which is especially important in the step-by-step study of
shape change processes. Methods of this type are very
versatile.  Disadvantages  include  time-consuming
measurements, low accuracy of measurements of small
deformations, and obtaining results averaged within the
boundaries of the cell. In addition, these techniques give
significant errors if the sides of the cell are strongly
distorted after deformation.

Along with the direct study of the shape change of the
elementary cell, the measurement technique can be built
on the step-by-step measurement of the coordinates of
points (e.g., grid nodes and labels), that is, the
determination of the field of displacements for a given time
and the subsequent determination of the field of
deformation rates. Next, the transition to the stressed state
is performed according to the relations of the flow theory
[9].

Experimental information contains systematic errors
caused by the measurement method and random errors
caused by the casual spread of the measured values.
Mathematical processing should separate factors from the
investigated dependence. At the same time, it is assumed
that the investigated function is continuous and
differentiable, and random factors do not possess this
property. In addition to the requirements of good
convergence to the approximating objects, it is necessary
to satisfy the boundary conditions known from the
theoretical analysis of the process (conditions on the axis
of symmetry, border of rigid, and plastic zones).

Algorithms based on approximating experimental data
by power polynomials and Fourier series have good
versatility [10, 11]. Although a good approximation to the
smoothing function is achieved, the calculation of the
derivatives is unsatisfactory since the approximating
function in the calculation area has a certain number of
extremums unrelated to the features of the measured
values.

Spline functions [12] are free from many disadvantages
of polynomial approximation and allow for the easy
fulfillment of boundary conditions [13]. However, to
construct a spline, boundary conditions are required at all
boundaries of the region, and since they are not known
everywhere, they have to be set subjectively, which
reduces the accuracy of calculations.

In works [14], a model of a nonlinear narrow-elastic
medium was proposed to study the extrusion of powder
materials through axisymmetric matrices, which made it
possible to formulate and solve a boundary value problem.

Simultaneously, experimental data obtained on full-
scale samples using coordinate grids was used to
determine the field of wvelocities in the center of
deformation.

The main drawback of the considered approaches is that
it is assumed that the stress deviators based on the
curvature of the dividing grid or the results of other
experimental measurements are determined accurately. In
fact, due to the above reasons, deviators contain errors that
cannot always be estimated.
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In [10], it is proposed to look for solutions in the form
of functions that exactly satisfy the equilibrium equation,
the plasticity condition, and the boundary conditions. At
the same time, partial solutions obtained by independent
integration of each equilibrium equation are used.
However, partial solutions can differ very significantly.
The approach [15] should be considered more reasonable,
where it is proposed to exactly satisfy the equilibrium
equations in the nodes of the calculation grid with an
inevitable weakening of the requirements for the
fulfillment of the plasticity condition.

In [16], a method for calculating stresses based on
experimentally determined kinematics is proposed based
on the theory of R-functions, the advantage of which is that
it allows the boundary conditions and equilibrium
equations to be satisfied identically at any point of the
region with a complex boundary shape. At the same time,
certain deviations from the condition of plasticity and flow
equations are allowed. Approximation of deviators
obtained based on experimental information about the
kinematics of the plastic deformation process is performed
by statically permissible stress fields. This method is up-
and-coming and opens the way to increase the accuracy of
stress calculation.

When processing arrays of experimental data, the
choice of approximations plays an important role. It is
most natural to use functions of three arguments for
approximations. For example, in [16], it is recommended
that quasi-interpolation L-splines be used for this purpose.
However, this approach has some limitations: the output
grid must be rectangular and uniform, and the shape of the
meridional section must be rectangular. Significant
difficulties are also associated with transferring from
Lagrange variables to Euler ones. This approach is
necessary when calculating stresses since the equilibrium
equations are more easily integrated into the Euler
variables and for a more precise presentation of the
obtained results.

An approach in which splines of one argument (by time)
and two arguments (by coordinates at each stage) are used
for approximation and differentiation has become
widespread. Such techniques have fewer limitations than
those described above. In this case, the original grid may
be irregular (but rectangular), and the meridional cross-
section may have a shape other than rectangular. In this
case, the sequence of approximations of the coordinates of
the nodes has a noticeable effect on the results of the
calculations. The advantages of this approach include the
possibility of independence of node coordinate
measurements at different stages. Simultaneously, in this
case, it is necessary to approximate time derivatives by
coordinates, which leads to significant errors. The time
approximation is less accurate due to the small number of
stages, and the derivatives have already been determined
with some errors.

3 Research Methodology

3.1 The traditional approach

With a known field of strain rates, the hydrostatic stress
can also be determined as follows [17]. Let’s decompose
the stress tensor into deviatoric and spherical parts

oy = Sij + 09, @

and present the equilibrium equation in the following
form:

a(sij+o'6ij) __ 0o

6Sij
_ — ir _—=
an 6Xj J 6x]-

=0. 2)
Let’s substitute the expression in (2) instead of Sjj:
Sij =3 € 3)

and let’s represent the components of the strain rate tensor
through the components of the velocity vector.

As a result, we will get a system of three differential
equations:

do d |2F (ov; | 0vj\| _
soout sl (e 3)] =0 @
to which the incompressibility equation should be added:
. ov;

A system of four differential equations (4) and (5) with
respect to the three components of the velocity vector and
the average hydrostatic pressure is obtained. They should
be supplemented with boundary conditions for the
velocities:

JijVj = (O—(Sij + SU)V] = [a6ij + g(vi’j + vj’i)] V]' = Si' (6)

Therefore, the stressed state is calculated from the
deformed state, considering the ratios of the theory of
plasticity. The desired stress field must satisfy the
equilibrium equation, the plasticity condition, the flow
law, and the boundary conditions. The unambiguity of the
solution is ensured if the velocity field satisfies conditions
(4) and (5).

When determining stresses by kinematics, which does
not satisfy condition (4), integrating equilibrium equations
along discontinuous paths can lead to a significant
difference between the solutions, which in individual
zones can reach hundreds of percent [18].

3.2  The proposed approach

According to the results of experimental studies, it was
established that in the case of plastic deformation of
sintered porous materials, the most reliable results can be
obtained if the deformation of the base material
accumulated before the moment of failure is used as a
measure of plasticity [19, 20]:

Iy = J,7 Yod, )
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where t, — the time of deformation to failure; y, — the
deviator’s intensity and the base material’s deformation
rates.

In general, the ultimate deformation of the base material
depends on various factors:

[Z7p = f(xil Cj’n:ﬂg‘; T; f; aij; 9); (8)

where x; — parameters that allow for considering the
influence of the chemical composition and sintering
conditions; c; — influence of the structure; » and us —
influence factors of the stress state scheme; T — influence
of temperature; I — rate of deformation; ¢; — influence of
load non-monotonicity; 8— impact of porosity.

For cold, monotonous processes of pressure treatment,
which occur at low deformation rates, the dependence (8)
is reduced to the form:

Iop = f(xi'cj'nv//‘m 9)- ©)

The chemical composition and structure characterize
the natural plasticity of the material. The influence of the
rest is determined by experimental studies conducted
according to the relevant programs. As a result,
dependence (9) is reduced to the form:

= f(n([b' 9)' .uo‘([;)' 9))' (10)
where 7 — the accumulated deformation of the base
material at this moment.

Thus, the stress state scheme is an important factor in
determining plasticity for cold processes of pressure
treatment of porous bodies.

The dependence of plasticity on the stress state scheme
will be described by the surface of ultimate plasticity,
which is constructed in coordinates: the ultimate stress-
strain state indicators 7 or.

As one of the indicators of the stress state, we can accept
an indicator that has proven itself well in assessing the
stress state of compact materials:

3
\Er, (11)
where gy, — stress intensity.

The concept of the stress state indicator of the base

material can be introduced to evaluate the stress state
scheme of porous sintered materials:

_ L) _ 30 _ 30 \/—p
V0 o \P
2

No = \/gp_o. (12)
To
Since
p =po(1—106), (13)
and then after considering [21]:
2 _ pZ .[2
%= Loae T Aeaey (14)

expression (12) can be reduced as follows:

o(B)’
T

A

2 6P> 6P>

Mo = Coyzez ~

p2 72 p
(1_9)[fz(0)+f1(9)] (- 9)[? 2+E

and finally:
f1(6)
Mo =N |[—ar® o7 (15)
(1-6) 2;125; 2+1]
After considering [22]:
_1A0)
a(f) = 51,0 (16)

expression (15) is reduced to the following form:

_ f1(0)
Mo n\’ 1-6)(an?+1)’ an

The stress state indicator 7o considers the influence of
hydrostatic pressure, which significantly affects the
plasticity of a porous body, as well as the influence of the
intensity of tangential stresses, which determine the plastic
flow of the material.

When studying the process of plastic deformation of
porous blanks, the model of a rigid-plastic isotropic-
strengthening porous body with a loading surface that has
the shape of an ellipsoid with semi-axes that depend on the
porosity is taken as a mechanical model of the material.
Simultaneously, the stress intensity in the base material of
the porous body is determined by formula (14). From it,
according to the associated flow law, the following tensor
is obtained:

éij - 61] (Ul] ijp): (18)
as well as a scalar ratio
pf1(0)y = t£2(0)¢ (19)

between stress tensor components oj; and strain rates é;;.

The accumulated deformation of the base material is
taken as a measure of deformation strengthening of a
porous body:

Iy = J, yo(r)dr. (20)

The porosity functions fi(6) and f»(6), as well as the
flow curve (7o) for the base material [22], are determined
as follows:

f1(0) = (1= 035 (21)
_p)4.36

£,(6) = 0.549 (22)

Ty = —15 + 83.731,21%6, (23)

From equations (14) and (19), the formulas for the
connection of kinematic and static quantities are obtained:

T= TOfl(e)%; (24)

P =10f(0) - (25)

They can be applied to evaluate the intensity of the
stress deviator and the average stress in a porous body [21].

From relations (14), (18)—(25), to determine the stress-
strain state of a porous body on a deformed coordinate
grid, it is necessary to determine the following:
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1) the field of components of flow velocities of body

particles v;;
2) the field of strain rate components:
5= L(0vi  9Y)).
eij T2 (axj + axi) ! (26)

3) the field of accumulated deformation of the base
material 7;

4) intensity field of stress deviator (yield strength) of
base material ;

5) porosity field @in the plastic region;

6) field of stress deviator components S; and stress
tensor oj;.

These stages correspond to the requirements presented
in [23-27].

4 Results

During the axisymmetric extrusion of porous blanks,
the field of flow velocities was determined by the
visioplasticity method based on the results of experimental
studies. In the experimental studies, blanks with a diameter
of do =20 mm and a length of lo = 46 mm were used with
a known initial porosity & and a rectangular mesh with a
step approximately equal to 2 mm along the z-axis.

The sample was deformed in a matrix with an angle at
the apex of the cone of the matrix a. In the stationary mode,
the force P and the speed of the punch vo were determined.

The coordinates of the (I, m)-th node, where
1=1,2,..,L and m=1,2,...,M (Figure 1), before
deformation (in Lagrangian coordinates) were denoted
Zo,,, and 1o, . and after deformation (in Eulerian

coordinates) — z;m and rm, respectively.
r

Ay

0
Figure 1 — Design scheme of the kinematics on a curved grid
In this way, experimental functions of Euler coordinates

from Lagrangian coordinates were obtained at the grid
nodes:

S5 S @l (o — 0, +0a ) [(52 Ze)' 4

2
ZlL§1 MZ (b)(rozm Tolm) +6b fff [(a TO) +

where - the solution area of the problem (meridional
section of the workpiece) (Figure 1): &, &, a'®, and

Lm

Z_l,m = Z_(Zol, Tom); f‘l,m = f(ZOl,rOm), (27)
or in Lagrangian coordinates from Euler coordinates:
Zoym = 20(21, Tm); Toym = 70(21, ). (28)

Since the flow velocities of material particles v, and v;
for stationary deformations can be calculated using the
formulas [7]:

0z

Vz = Vo5, (29)

_ Uo aT‘o
Vz = A Or g (30)

a

Ur = Voo (31)

— 0 0no
Vz = A or’ (32)

where
_ 02 0ry _ 02 91

A= 9z or or 9z’ (33)

To simplify the calculations using formulas (29)—(32),
it can be assumed that vo = 1. Also, the linear dimensions
can be normalized so that the radius of the matrix container
is equal to one, for which the coordinates of the nodes zo,

fo, z, and r should be multiplied by A = —.
0

The values of flow velocities obtained as a result of
calculations will have to be multiplied by vo, and the values
of the components of the strain rate tensor ¢é; — by Avo.

Since it is more convenient to perform stress
calculations in Euler coordinates (equilibrium equations
have a more straightforward form), we will also calculate
the kinematics in Euler coordinates, which eliminates the
need to move from one coordinate to another and, in
addition, allows us to present the results more clearly (on
a deformed sample). Formulations (30) and (32) will be
used in further calculations.

To construct approximations dependencies zo(z, r) and
ro(z, r) for experimentally obtained function values Z0;m

and 7y, ., a technique based on the methods of the theory

of R-functions [16] was used. It was successfully applied
for studies of the stress-strain state of non-porous
materials.

The main advantages of this method include the ability
to obtain solutions that identically satisfy the boundary
conditions for regions with a complex boundary
configuration.

The problem of finding approximations zo and ro was
formulated in the variational statement [21]:

9%z, 2 6 zo
2 (E) + o ]d!) - min; (34)
9%r, 2 6 ro
Z(GZGT) + ar?.
al(_’,’,)l — weighting factors that allow for ensuring the proper
ratio between the smoothness of the functions z,  and

] df) - min. (35)
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To,,,» @S Well as the approximation to the experimentally
obtained values Z, and 7, , respectively. They also

consider various errors in determining the experimental
functions at different points of the area.

Let’s consider the approximations z, and ro in the
following forms:

Zy = leg=1 CkBr; (36)
To = T211¥=1 CiBr- (37)

where ¢y — arbitrary numerical coefficients; f — elements
of any complete system of functions.

3%z 8% zo(Bn
Zk 1Ck{2 1Zm 1a1m201m(ﬁk)201m(ﬁn)+6 ff [6 0(‘8") o(B )+2

In this case, shifts of B-splines of Schoenberg [16] are
used.

According to the theory of R-functions, expressions
(36) and (37) are called structures. They make it possible
to satisfy the boundary conditions identically. In the
considered problem, the structure ensures the boundary
condition on the symmetry axis (37).

The substitution of equations (36) and (37) to formulas
(34) and (35), respectively, and minimization by the
coefficients of ¢k leads in each case to a system of linear
algebraic equations with respect to ¢, where the n-th
equation for zo takes the following forms:

02 zo(B) 8% 2o(Br)

9z? 9z or  9zdr
82 zo(By) 9* Z(B) (38)
+ a: E—o]d0} = N, Y- 1almZOlmZ01,m(ﬁn);
62 r(E)a o(Bn) | ., 9 1o(Bi) 3% To(Bn)
Zk 1Ck{ZL 1Zm 1a1mrolm(.8k)rolm(ﬁn) + 6 ff - aiz = +2 azo 8: azoarn
(39)
2 ro(Br) 9% (3 )
ao . - n]d'Q} - 1Zm 1azmrolmrol,m(.8n)-
The system of equations for determining the function ro  section Il-1l. This can cause significant errors in stress

can be obtained by replacing zo with ro in (38).

Figure 2 shows the meridional section of the sample
with a curved coordinate grid after extrusion. Figure 3
presents the results of calculating the particle flow rate.
Figure 4 presents the components of the strain rate tensor.

I,

2 18 16 14 12,10 816 5 D

Figure 2 — Meridional cross-section of a porous sample:
a — distortion of the dividing grid of the sample after extrusion;
b — dividing grid lines obtained after the experiment () and
after calculations using equations (36)—(39) (=)

According to the obtained results, the curved grid
obtained as a result of the experiment and using the
experimental and calculation methods almost coincide
entirely.

The analysis of the obtained results shows that the
difference in calculations for specific kinematic
characteristics according to the proposed experimental and
calculation methods and using the finite element method is
especially noticeable at the workpiece’s meridional cross-

state calculations.
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Figure 3 — Particle flow velocities vr (a) and v (b) in the cross-
sections I-1 and 11-11 (Figure 2b) during sample extrusion:
solid line — experimental and calculation method;
dashed line — theoretical solution
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Figure 4 — Components of the strain rate tensor &, (a), &.(b),
4 (c), and y,, (d) in sections I-1 and 1111 (Figure 2b) while
extruding the sample: solid line — experimental and calculation
method; dashed line — theoretical solution

After substituting the solutions of the resulting systems
of equations to (36) and (37), we obtain the
approximations zo and ro. Then, the particles’ velocities
can be determined using formulas (30) and (32).

Further, using dependencies (26), strain rate intensities
¥, and y are as follows:

. f2(0)é2 | f1(O)y?
0= T (40)

The considered technique is also suitable for
determining the components of the strain rate tensor of
solid bodies for which porosity & = 0.

The magnitude of the accumulated deformation in the
base material I'o(r, z) can be calculated directly by formula
(20). Simultaneously, integral (20) is calculated along the
trajectory of particle deformations.

The method proposed in [16] can be proposed to
calculate Io(r, z). This technique is based on the theory of
R-functions and allows for replacing integration along the
trajectory with integration over the area. This approach
reduces the calculation error and simplifies the algorithm.

After differentiating (20) with respect to t and

. . . . dz dr .
considering considering ==V and — = Ur@n equation
in partial derivatives satisfied by 7 can be obtained:

2oy, +220, = o (42)

For a unique solution of equation (42), it is necessary to
set the boundary conditions along the line that coincides
with the trajectory. For example, the accumulated plastic
deformation 75=0 at the boundary of the elastic and
plastic zone G at the entrance to the matrix:

Llg, = 0. (43)

To obtain an approximate solution of problem (42) with
the boundary condition (43), an equivalent variational
problem is stated:

] ] . \? .
ﬂ!{f(a—ZvZ+a—:°vr—yo) d0 > min,  (44)

and the structure will be taken as follows:

Iy = wy legﬂ CiBr (45)

where @ — a function that defines the boundary of G; and
is constructed according to the R-functions method so that
wqlg, =0, and for points belonging to the region Q:
w > 0.

After substituting (45) to (44) and minimizing the
obtained functional with respect to si, a system of linear
algebraic equations can be obtained, the n-th equation of
which takes the following form:

ad a a a
Zgzl e ff_{)[ r(:a(fk) v, + Ft;iﬁk) Vr][ F(;(Zﬁn) v, + Io(Bn) Ur] do =

. [0Ih(Bn)
=ffﬂy0[ (;f

ar (46)

v, + 8o (Fn) vr] dn.

or
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By substituting the solution of the system of equations
(46) to (45), the value of I'p can be obtained.

Figure 5 presents the calculation results of the
accumulated deformation in the base material.

I'o
2.87

2.47 =
2.0
16

1.2

0.8

0.4

0 2 4 6 8 10 12 14 16 18 20

Figure 5 — The accumulated deformation of the base material

in the cross-sections I-1 and I1-11 (Figure 2b) during sample

extrusion: solid line — experimental and calculation method;
dashed line — theoretical solution

The obtained results also indicate a particular
discrepancy between the calculations of the accumulated
deformation of the base material according to the proposed
experimental and calculation techniques using the finite
element method.

Since the position of border G; is not exactly known,
the line z = 0 was taken as the border, and then w; = z.

To study the non-stationary unsteady (initial stage)
extrusion of porous bodies, the same samples as for the
previously considered stationary process were used, made
from PZh4M2 powder with the same step of the coordinate
grid on the meridional cross-section along with the z-axis.

The samples were pressed through a matrix with a
compression of 64 % in m stages. The initial blank is
considered to be at the zero stage. After each stage, the
nodes’ coordinates of the grid were fixed.

As before, calculating the kinematics based on the
known nodes’ coordinates for the deformed grid is reduced
to finding approximations z(zo, ro, t) and r(zo, ro, t) of the
experimentally found coordinates Z; ,, and 7 ,,,, where | is
the node number, and m is the number of the deformation
stage.

5 Discussion

The approach in which splines of one argument (by
time) and splines of two arguments (by coordinates at each

r,mm

stage) are used for approximation and differentiation has a
significant impact on the results of calculations in the case
when the original grid may be non-uniform (but
rectangular), and the meridional section may have a shape
other than rectangular. Then it can be first approximated
the coordinates of the nodes at each stage: zm(zo, ro, tm) and
m(Zo, Yo, tm), and then approximated the values of the
coordinates and their derivatives along zo and ro in the
nodes zi(t), ri(t).

However, more effective, from the point of view of the
accuracy of the approximation, as well as the speed of
calculations, is the approach in which the derivatives of the
coordinates of the nodes in time are first calculated (that
is, the flow velocities of the material particles are
determined), and then their derivatives in terms of
coordinates zo, ro. The article uses this approach in
combination with the methods of the theory of R-
functions, and all calculations are performed in Euler
variables, which eliminates the need to switch from
Lagrangian variables to Euler ones and simplifies the
solution of the problem. In addition, this method allows
working with an irregular and non-rectangular grid in
regions with any shape of borders [21].

Approximate values of the flow velocities of the
material particles in the Ith node of the grid were calculated
using the following ratios:

_ _ dz(tm) L= _ dri(tm)
le’m - dt ’ Tim - dt ’ (47)

where z;(t) and ri(t) — approximations of the experimental
values of the node coordinates z,; ,,, and 77 ,,,, respectively,
which were built using cubic spline functions of one
argument.

The time function t can be determined from the
displacement of the tool S and its speed vo:

t = %. (48)

If vo=const, then in formulas (47), it is convenient to use
S instead of t, then instead of values ¥, and 7, we obtain
their values normalized to vo.

To construct approximations of the velocity values
Vo(z, 1, tm) and vi(z, r, tm), obtained by formulas (47) in
Euler variables, a technique based on the methods of the
theory of R-functions was used, which is a development of
the technique used previously to study the kinematics of
deformation in a stationary process.

The problem of finding approximations was formulated
in a variational statement (for each stage):

S a(fi - £) +5 1, [(‘;2—5)2 r2(2L) 4 (327’;)2] d0 - min, (49)

where f(z, r) — an approximating function; f; — the value of
the approximated function in nodes; a1 and & — weight
factors that allow for ensuring the necessary relationship
between the smoothness of the function f and the

approximation to the values of f, as well as considering
the accuracy of determining the functions at different
points of the region 2.
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When approximating the velocities, instead of the
function f, it is necessary to substitute the values obtained
by 7, or 7, from (47), then by getting f for the functions v,
and vy, respectively.

When calculating velocities, weight factor a1 =1.
Empirically, 6=10.01 for v, and &= 0.001 for v,.

Approximations for v, and v; are presented in the form
of structures:

Zk 1Ck (.Bk - rﬂ) (50)

vy = Yio1 kB (51)

a2 (Br) 8°f (Bp)

where ¢« — arbitrary numerical coefficients; Sz, r) —
parameters of Schoenberg’s B-splines.

Ratios (47) and (51) make it possible to satisfy the
conditions of axial symmetry identically:

vy

v, =0; Zr 20, 2220, (52)

6

Substitution of structures (50) and (51) to (49) and
minimization of the obtained expression by the
coefficients of ¢ leads to a system of linear algebraic
equations with respect to cx, where p-th equation has the
following form:

Sk {Zhor i BOS(By) + 8 IS, [LLL0EIE) o

After substituting the values of ¢ obtained after solving
the system of equations in (50) and (51), the
approximations v, and v, can be obtained.

The components of the strain rate tensor are determined
according to equation (26). Simultaneously, they accepted
as €11 = €,, €13 = €4y, €5 =€, €33 =63, =0, and
é33 = e¢

The accumulated deformation of the base material in the
nodes of the coordinate grid at the mth stage is determined
as follows:

Lo = Jy™ V0, (D)dt. (54)

To approximate functions y,,(t,) for m=0,1,...,3
and integrating them according to formula (54), cubic
splines of one argument is used.

At the m-th stage, to obtain a continuous distribution of
the accumulated strain Io(r, z) over the region (2 the
values at the nodes are obtained by formula (54) using the
dependence (53) and assuming f; = Iy, FOr calculations,

values an = 1 and 6= 0.01 are taken. The structure is taken
as follows:
Iy = Sy o (B —r2%). (55)

Structure (55) provides the condition of axial
symmetry.

This method of calculating I'g is more suitable for non-
stationary deformation, as it allows for considering the
influence of the type of load trajectory.

However, the advantages of calculating the
accumulated deformation of the base material I'g according

References

L5 L4 + azg(fk) 2 f(ﬁp)] d.Q} — Z%:l alflfl(ﬁp)- (53)

to the above method during the stationary course of the
plastic deformation process are apparent.
After considering
b
€=1%
and formulas (26), (30) and (32), the cross-sectional
porosity distribution at each stage can be obtained as
follows:

(56)

0=1-(1-6,)(F2_2ih  (5)

6 Conclusions

The experimental and computational methods of
studying the stress-strain state during plastic deformation
of porous bodies were improved. For this purpose, the
advantages of the R-function theory were used.

As a result, an equation for calculating the porosity in
the volume of the deformable workpiece was obtained,
considering the information about the distortion of the
dividing mesh elements.

For stationary axisymmetric processes, a technique has
been developed that allows for replacing the calculation of
the accumulated deformation of the base material 75 along
the deformation trajectory by integration over the area.
This makes it possible to reduce the calculation error and
simplify the algorithm.

Overall, a novel technique to determine the stress-strain
state was developed at the unstable and steady stages of
axisymmetric plastic deformation of porous blanks.
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